We present a systematic derivation of the effective action for interacting vortices in a nonrelativistic two-dimensional superfluid described by the Gross-Pitaevskii equation by integrating out longitudinal fluctuations of the order parameter. There are no logarithmically divergent coefficients in the equations of motion. Our analysis is valid in a dilute limit of vortices where the intervortex spacing is large compared to the core size, and where number fluctuations of atoms in vortex cores are suppressed. We analyze sound-induced corrections to the dynamics of a vortex-antivortex pair and show that there is no instability to annihilation, suggesting that sound-mediated interactions are not strong enough to ruin an inverse energy cascade in two-dimensional zero temperature superfluid turbulence.
Introduction
Recent experiments [1, 2] on two-dimensional turbulent superfluids have increased the importance of resolving fundamental theoretical questions about the nature of superfluid turbulence in two dimensions. One of the most basic outstanding questions in the field concerns whether energy is convected towards large length scales or small length scales. The former is characteristic of the enstrophy-conserving inverse energy cascade of normal two-dimensional fluids [3] . Some numerical simulations have suggested that this is indeed the case [4, 5, 6] , while others [7, 8] have emphasized the role of vortex annihilation in driving energy to small length scales.
Our goal in this paper is to help settle this question in a non-relativistic superfluid at zero temperature. Crucial to this task is a proper understanding of the effective dynamics of vortices in the superfluid. The effective equation of motion of a superfluid vortex is a rather controversial question with a long history in the literature [9, 10, 11, 12, 13, 14, 15, 16, 17, 18] , even in two spatial dimensions. Furthermore, almost all of this previous work focuses on single vortex dynamics, yet superfluid vortices have long range interactions, suggesting that an understanding of single vortex dynamics would nevertheless not suffice for understanding multi-vortex dynamics, beyond-leading order.
In this paper, we present a systematic calculation of the effective action of N > 1 superfluid vortices, assuming that the underlying continuum action is the Gross-Pitaevskii (GP) action [19, 20] . This nonrelativistic action is used in nearly all simulations of superfluid turbulence [4, 5, 6, 7] , and so serves as a natural choice. Our calculation is valid at next-to-leading order, and so takes into account the leading-order dressing of superfluid vortices by sound. Similar papers have recently described effective vortex-sound interactions by effective action techniques [21, 22] in a three dimensional normal fluid [23] , and more recently in a three dimensional superfluid [24, 25] . We should note that the extension of our calculation to three dimensions is complicated by Kelvin waves -normal mode excitations of the stringy vortices [26, 27, 28] . Effective action techniques have also been used to study vortices in two-dimensional superconductors [29] and in p-wave superfluids [30] .
Our paper is organized as follows. Section 2 reviews GP theory and provides set-up and notation for our computation. Section 3 outlines the computation of the effective action at next-to-leading order and summarizes our results. An interesting observation that we find is that the notion of "vortex mass" becomes ill-defined, with kinetic terms coupling the velocities of distinct vortices. Further, no coefficients in the equations of motion (on-shell) have any logarithmic divergences in the microscopic core size or a macroscopic "box size". Section 4 describes the dynamics of a vortex-antivortex pair, which can be found exactly at next-to-leading order. Our main result is that this pair will not annihilate. This suggests that the inverse cascade description of turbulence is appropriate at zero temperature. Appendices provide pedagogical computations, as well as the details of our calculation.
Gross-Pitaevskii Equation
We begin with the GP action, which is the simplest theory of a non-relativistic superfluid phase, at zero temperature (in units with = 1):
The equations of motion from this action are
The vacuum of this theory is described by the superfluid phase so long as µ > 0. In this phase, there is a non-vanishing background superfluid density of
Note that the phase of ψ is undetermined. As we will see, it is helpful to make a change of variable to
where χ and θ are real-valued fields. Note that θ ≡ θ + 2π describe the same physics and are thus equivalent.
It is helpful to express the Gross-Pitaevskii action and equation in terms of χ and θ. The action can be worked out straightforwardly: up to total derivatives, the answer is
The equations of motion follow from this action:
where we introduce the "pressure"
We will often also define the superfluid velocity
In terms of the superfluid density
we can write the above equations in "hydrodynamic" form:
This suggests that, in a limit where core physics can be neglected, solutions of classical hydrodynamics should be a good approximation to the dynamics. We will see that this is indeed the case, in this section. The fact that θ is identified with itself upon integer multiplies of 2π allows for non-trivial topological solutions to Eq. (2) called vortices. If we place a vortex of winding number Γ ∈ Z at the origin x = y = 0, we can find a stationary solution to Eq. (2), if we make the ansatz
where Γ = ±1 denotes the orientation of the vortex. χ 0 is the solution to 1
with boundary conditions that χ 0 (∞) = 0, χ 0 (0) = −∞. We will not consider vortices with |Γ| > 1 as these vortices are unstable and will break up into winding number ±1 vortices rapidly during the evolution of the superfluid condensate (see e.g. [8] ). Defining a "healing length"
which is the only length scale in Eq. (12), we can easily determine the asymptotic behavior of χ 0 :
The Point Vortex Ansatz
We are interested in computing the effective action of N vortices within this framework. Let us suppose that we are in a dilute limit where the density of vortices is very small. We will quantify this limit shortly. In this limit, we expect that there is an approximate solution to Eq. (2) of the form [31] 
In this paper, we will use n to denote individual vortices, and X n (t) to denote their trajectories. Sometimes we will also use index notation for X n : X i n , where i denotes vector indices. On this ansatz, v may be written as a sum over contributions v n from each vortex. As we will see, this ansatz is indeed an asymptotically good approximation in the dilute limit, if X i n obeys point-vortex dynamics [32] :
1 An identical ansatz can be made for |Γ| > 1 vortices, though the function χ0 changes.
where v n ≡ ∇θ n /m. We have also defined U n (X m ) to be the superfluid velocity through core n -note that it depends on the position of every single vortex. We are also using the two-dimensional Levi-Civita symbol ǫ xy = −ǫ yx = 1, ǫ xx = ǫ yy = 0. In this paper, we will denote the typical distance from any vortex to its nearest neighbor asr. The typical velocity scale is thus 1/mr, and the typical time scale is mr 2 .
Let us now quantify the dilute limit, where |ψ 2 | ≈ ρ 0 , or χ ≈ 0. Assuming that we have a uniformly random distribution of vortices with density 1/r 2 , we can replace
for an arbitrary function F . Here r max is a scale denoting the size of the cluster of vortices -e.g., proportional to the largest distance between any two vortices. Now, let us apply this to the field χ. We find that the dilute limit corresponds to
which gives us that the dilute limit corresponds tō
The Action of Point Vortex Dynamics
It is appreciated (see e.g. [33] ) that point vortex dynamics is an asymptotically good solution to the GPE. In Appendix A, we provide a careful check that this is indeed true; parts of the calculation are also helpful for our main computation. The leading order action for vortices is the χ-dependent contribution
As we will now show, this precisely reproduces the action for point vortex dynamics. We begin by studying the (∇θ) 2 integral. This divergent integral must be regulated by an IR cutoff, and can be done by dimensional analysis. This integral is performed in Appendix D (see Eq. (72)), and the answer is
There are two ways to obtain the kinetic term in the action. The first is simply to pick the answer which ensures that point vortex dynamics are the equations of motion. Alternatively, one can use a different regulatory scheme 2 and one finds
Thus we obtain
Noether's Theorem may be straightforwardly used to generate conserved quantities. Some important conserved quantities in point vortex dynamics follow from time translation invariance: the energy E is given by
Translation invariance under X m → X m + a (for all m) gives an analogue of momentum conservation: 3
One may notice that the form of Eq. (23) is very similar to the electrodynamics of massless charged particles of charge Γ. This is a manifestation of the particle-vortex duality [11, 34] between the low energy effective theory of a superfluid and relativistic electrodynamics with charged scalars. It will not remain at next-to-leading order in the calculation.
Finally, we point out that our answers may seem somewhat surprising -although the GP action was manifestly Galilean invariant, point vortex dynamics is not so. This is a consequence of the fact that the placement of a vortex picks out a preferred rest frame. We discuss in Appendix B how to restore Galilean invariance manifestly in point vortex dynamics.
The Effective Action
Now, we are ready to compute the effective action for vortices. To do this, we take our ansatz for χ and θ on point vortex dynamics, as defined in the previous section, and integrate out fluctuations in χ and θ in a path integral formalism. More precisely: let
The δθ contribution does not contain any singularities (vortices). Time-dependent solutions of the GP equation may be found by finding saddle point solutions to a path integral [35] 
subject to appropriate boundary conditions at the initial time (since the GP equation is first order). Effective action techniques use the fact that as a path integral, we may selectively integrate over some of the χ and θ modes before finding the minima of S. In this paper, we will integrate over the δχ and δθ modes, while leaving the modes X n (t) free to fluctuate. It is only over these X n modes that we will find the saddle point of Z. We will perform this calculation at one-loop order -i.e., we will approximate the true path integral over δθ and δχ by a Gaussian path integral, as follows. We perform a Taylor expansion of S[χ, θ]:
We remind that J χ and J θ are not vanishing, since the point vortex ansatz is not a true solution of the GP equation. After integrating over δχ and δθ, we write
where the R, S, T indices denote the fields χ and θ.
The classical contributions to the effective action, at one loop order, are equivalent to solving the Gross-Pitaevskii equation perturbatively, correcting the point vortex approximation at first order. We will, for the remainder of this paper, ignore the tr log term, as we are not interested in corrections to the effective action arising from quantum fluctuations. In Appendix C we sketch out how this quantum determinant can be computed, and point out that
where N denotes the number of vortices absent from the background condensate at the superfluid core. Thus, we see that quantum corrections are 1/N (number fluctuation) suppressed, and can be systematically neglected in a limit where a superfluid vortex, made up of many atoms, is well defined. In cold atomic gases, the s-wave scattering length is usually rather small, implying that λ is small and thus that N ≫ 1 is a reasonable limit to consider [33] .
Green's Functions
As we already know exactly how J χ,θ depend on X n , we simply have to compute the matrix G. Note that, in the equations which follow, we do not assume that the X n (t) are on-shell, but we do assume that χ and θ take on the form of Eq. (15). We can straightforwardly compute (note that all derivatives act to the right)
We can obtain G by solving the equations of motion
In the dilute limit, away from vortex cores, the contributions to G from vortices are suppressed by powers ofr; the leading order contributions to the Green's functions are simply those that arise in vacuum. Thus, let us compute G in the vacuum with no vortices. In this case, we can Fourier transform G −1 to obtain
which we can straightforwardly invert:
In the long wavelength limit, this Green's function describes the propagation of simple sound waves, although it is not so transparent in this language. By either computing directly from the equations of motion the dispersion relation ω(k) for the propagating waves, or by simply noticing that G has a pole whenever
where the speed of sound is
we obtain the dispersion relation Eq. (35) . The typical length scale involved in any (off-shell) fluctuation-mediated interaction between two vortices is of orderr ≫ ξ. In this limit, the on-shell dispersion relation is simply ω = ±ck. The typical frequency scale involved is simply the typical velocity scale (1/mr) divided by the length scale: 1/mr 2 . It is now simple to check that ω sound ∼ (ξ/r)ω on−shell . We conclude that ifr ≫ ξ it is appropriate to set ω ≈ 0 -at leading order, vortices interact with each other instantaneously through "virtual sound waves". This is also the case in classical fluids [23] .
Setting ω = 0, the vacuum Green's function dramatically simplifies -in fact, we can now exactly compute all of its components (in the relevant limit):
Of course, this is no longer true if either x or x ′ is within a distance of order ξ from any of the vortex cores. In this case translation and rotation invariance will be strongly broken. However, the vortex core itself simply proves a UV cut-off to the effective theory. Therefore, we simply model the presence of cores by truncating the Green's functions at distances of order ξ from any vortex core.
Outline and Summary of Results
Let us now outline the computation of the effective action. We need only keep the terms in J R which are the largest order in ξ/r. Based on our calculations in Appendix A, these turn out to be
We have relegated details of the resulting integrals to Appendix D. Although some integrals in the effective action cannot be done exactly, we are able to extract leading order asymptotic behaviors when appropriate.
We find that
This contribution to the equations of motion is a sum of squares, each which vanishes on the point-vortex ansatz. This means that when we vary S θ to compute the equations of motion for X n , these contributions will not contribute -it is consistent at this order (in the equations of motion) to setẊ n = U n .
The J χ contributions are a bit more lengthy, and are outlined in the appendix. The integrals we have to evaluate are
There are a variety of contributions involving products of velocities over 2, 3 and 4 distinct vortices, respectively. We provide more details in the appendix. Many of the integrals over products of velocities, obtained by expanding out Eq. (40), can have logarithmic divergences in the IR and/or the UV. Remarkably, when we sum together all of these logarithmic divergences, the answer greatly simplifies:
In this equation, we are using r typ rather carelessly to denote a cutoff-independent distance between two vortices. Our main point is as follows. Suppose that we keep an identical configuration of point vortices, but shrink ξ by a factor of λ. The correction to the action is proportional to a sum of squares, where each object being squared vanishes on point-vortex dynamics. Therefore, when we take a variational derivative and obtain the equations of motion, the equations of motion are independent of the redefinition of ξ by the factor λ. An identical argument holds for L -we note that Γ mẊm = 0 on point vortex dynamics, following Eq. (25) . Because of these cancellations, we see that no logarithmic divergences alter the equations of motion. This is in contrast to the most common argument (see e.g. [18] ), which states that the vortex mass in the equations of motion is logarithmically divergent as log(L/ξ). Indeed, we find this result in Eq. (74). However, multiple logarithmic divergences conspire to exactly cancel in the equations of motion, at leading order. Of course, these logarithmic divergences may in principle be important at higher orders away from point vortex dynamics, but calculations based on perturbation theory cannot be trusted in this regime without a systematic consideration of all possible second-order perturbations. In fact, even for a single vortex, we should exercise caution assuming that vortex mass is logarithmically divergent -X = 0 for a single vortex, and thus one needs to perform a higher order perturbative calculation in an external superfluid velocity field in order to determine the corrections to the vortex trajectory.
Dynamics of Two Vortices
We have already seen that the only contribution to the action at O(r −2 ) comes from the J 2 χ term:
Using dimensional regularization with minimal subtraction [35] we are able to compute these integrals exactly, as we carefully show in Appendix D:
The equations of motion from this action can be written in a rather simple form, when we use thaṫ X 1 ≈ U 1 andẊ 2 ≈ U 2 to simplify the corrections to the equations of motion once we are on-shell:
and an identical equation if we swap 1 and 2. We thus find the equations of motion for this pair take on a deceptively simple form. (We have no reason to expect so many cancellations to occur for the more general case of N vortices.)
Vortex-Antivortex Pair
We can now use this effective equation of motion to argue that a pair of vortices with Γ 1 = −Γ 2 = 1 cannot annihilate as long as their distance apart r 0 ≫ ξ, and the dynamics is only perturbed weakly from point vortex dynamics. The reason for this is very simple. There are conserved quantities associated with Eq. (44) which we can interpret as energy and momentum:
Writing ∆X = X 1 − X 2 , it is simple to see that there is a conserved quantity
For simplicity, let us assume that at time t = 0 we have the Γ 1 = +1 vortex at x = r 0 /2, and the Γ 2 = −1 vortex at x = −r 0 /2. Both vortices have y = 0 at this time, and haveẎ 1,2 = −1/mr 0 on the point-vortex ansatz; let us assume that at t = 0, the velocity of both vortices is given by point-vortex dynamics. Let us denote ∆X = r 0 + δx, and ∆Y = δy. Furthermore, using the value of P on the point vortex ansatzincluding the subleading term due to vortex velocity in P -we obtain
The dynamics of δx and δy are well-described by simple harmonic oscillation about δx ≈ −4ξ 4 /r 3 0 . Thus, weak perturbations will not grow -the vortex-antivortex pair will always be a distance ≈ r 0 apart, and will never annihilate. Importantly, note that the sound-induced velocities are of order δṙ ∼ µδr ∼ (1/mr 0 )(ξ 2 /r 2 0 ), ensuring that we do not exit the regime of validity of our effective theory. Our conclusions are unchanged if the initial velocities do not exactly coincide with point vortex dynamics, but only differs by a factor ∼ 1/r 3 0 -consistent with the order at which point vortex dynamics is corrected.
Turbulence
The dynamics of these vortex-antivortex pairs has important consequences for turbulence in two spatial dimensions. In particular, we have shown that the trajectory of such a pair is -even after accounting for sound-induced fluctuations -well-described by the straight line trajectory of point vortex dynamics. This is strongly suggestive that there is no instability to vortex annihilation in the dilute limit, even with N vortices. Of course, our effective theory breaks down atr ∼ ξ, and in this limit vortex annihilation and creation events have been observed numerically at zero temperature [6, 7] . Point vortex dynamics provides a reasonable description of turbulent classical fluids in two spatial dimensions [36, 37] . These flows are known to be characterized by an inverse cascade of energy to long wavelengths [3] . As point vortex dynamics is a very good approximation to the dynamics of dilute vortices in a zero-temperature superfluid, even after sound is taken into account, we expect the same inverse cascade to arise.
Conclusion
In summary, we have constructed the next-to-leading-order effective action describing quantized vortices of winding number ±1 in a two-dimensional superfluid described by GP theory. We found that the corrections extend far beyond a simple mass term -indeed, a plethora of new terms, consistent with the symmetries of the problem and the long-range tails of vortex velocities, appear at next-to-leading order. The rather complicated nature of the answer is suggestive that much of it is non-universal to different actions, though we would not be surprised if the cancellation of all logarithmic divergences (on-shell) at next-to-leading order was a generic feature of reasonable theories.
We were able to exactly determine the next-to-leading-order action for a pair of vortices. A careful analysis of the vortex-antivortex pair demonstrated no instability to annihilation. Thus, we argue that turbulent superfluids of dilute vortices, at zero temperature, should be well-described by point vortex dynamics, which implies that the inverse cascade picture of classical turbulence is qualitatively correct for a turbulent superfluid.
We stress that our conclusions about superfluid turbulence are only valid at zero temperature. There are zeroth-order corrections to the vortex equations of motion at finite temperature. The consequences of finite temperature on superfluid turbulence will be discussed in [38] .
particles. Using that ∇ · v n = 0, we can simplify Eq. (6b) to
Note that J θ can be written as the divergence of a vector. We now need to analyze the sizes of various terms in this equation. For a distance r ξ to vortex core n, the largest terms in J θ are e 2χẊ n · ∇χ n and e 2χ v · ∇χ n . Exactly at the vortex core, these two terms cancel, since v n · ∇χ n = 0 andẊ n is given by the local superfluid velocity through the core. A distance ∼ ξ away from the vortex, one finds that, as ∇χ n ∼ 1/ξ, and (Ẋ n − v)(|x − X n |) ∼ ξ/mr 2 :
A distance ∼ ξ away from the vortex core, the leading order contributions to J θ are v · ∇χ n , which is singular; Eq. (49) is asymptotically small compared to these terms, and so point vortex dynamics is a good approximation. Away from vortex cores, we find thatẊ n is uncorrelated with v, but ∇χ 0 (x−X n ) ∼ ξ 2 /r 3 , so we conclude that
Note that we have used an averaging argument in the last step in the above equation, analogous to Eq. (17) -we will employ this frequently. Everywhere in space, we see that J θ is suppressed by a power ofr, which means that point vortex dynamics is exact in ther → ∞ limit. In particular, the largest correction to J θ occurs for r ξ. Next, let us analyze the J χ term. It is helpful to first subtract out all of the terms which are vanishing due to the fact that χ 0 exactly solves the Gross-Pitaevskii equation for a single vortex: 
Near vortex core k, it turns out that the most divergent term in the second line is ∇χ k · ∇χ l /2m ∼ ξ 2 /(mrr 3 ). Although this is appears divergent, we must remember that every term is multiplied by e 2χ ∼ (r/ξ) 2 , and so in fact this term is vanishing ∼ r. The most divergent terms, which cancel on point vortex dynamics, come from the first line, and scale as e 2χ /r 2 ∼ r 0 : evidently, point-vortex dynamics is still a good approximation. The remaining pressure terms are rather small, as we can separate out the sum over l into a sum over l = k (these terms scale as ξ 2 /r 2 ) and then combine the remaining µ-terms: µ(e 2χ − e 2χ k ) = µe 2χ k (exp[ l =k χ l ] − 1) ∼ µ(r/ξ) 2 near a vortex core. Thus the first term dominates near a vortex core. Away from the vortex cores, we have ∇χ k · ∇χ j ∼ ξ 4 /r 6 . The non-derivative terms are approximately given by
which scales as µ(ξ/r) 4 . There are also non-vanishing contributions to J χ coming from the time derivative and velocity terms:
Near vortex core k, we rearrange this sum as
The last two terms ∼ 1/r 2 . The object in parentheses in the first term vanishes at vortex cores, and ∼ ∆x/r 2 away from vortex cores, and since v k ∼ 1/∆x near the vortex core, we see that there is no singularity and all terms scale as 1/r 2 . The leading order terms (e.g. ∂ t θ n ) are singular, and so all corrections are subleading. Eq. (54) are the largest corrections, dominating over χ-induced corrections.
The overall factor of e 2χ in front of J χ induces corrections that are more subleading. We conclude point vortex dynamics is an approximate solution to the equation of motion, up to subleading corrections of order ξ 2 /r 2 .
Appendix B. Galilean Invariance

B.1. Gross-Pitaevskii Equation
Here we review, for convenience, how the Gross-Pitaevskii action (and equations of motion) are Galilean invariant. This symmetry follows most naturally after writing out ψ = √ ρ 0 e χ+iθ , as we have in the main text. As ∇θ corresponds to the superfluid velocity, and we expect that ∇θ → ∇θ + v under a Galilean boost of velocity v, one can easily check that χ is invariant under a Galilean boost, and
leaves the action Eq. (5) invariant.
B.2. Point-Vortex Dynamics
The Lagrangian of point vortex dynamics as written down in the main text is not Galilean invariant. There is a physical reason for this. The presence of a single vortex "breaks Galilean invariance" by picking out a preferred rest frame -namely, the one where the vortex is at rest. Of course, there is an equivalent description of the physics in a frame moving at a relative velocity V -in this case, both the vortex and the superfluid at spatial infinity are moving at a constant velocity V . An analogous story holds for the point vortex action in the main text. The preferred rest frame we have chosen corresponds to a frame in which the superfluid velocity at spatial infinity is zero. To make the equations of motion of point-vortex dynamics Galilean invariant, we simply must modify the equations of motion toẊ
Here V is an auxiliary non-dynamical variable, corresponding to the velocity of the superfluid at infinity. Galilean invariance has been restored if we transform X m → X m + at, V → V + a. This parameter V appears in the action as
Appendix C. Quantum Corrections
In this short appendix we point out why quantum corrections to the effective action can be neglected. Let us begin by computing the typical scale of J R G RS J S . As we argue in the main text, the dominant contributions to the classical corrections to the equations of motion come from the J χ integral:
In our scaling argument, we have focused on the scaling of J χ in the middle of the vortex cloud, where most of the contributions to the effective action arise. Now let us look at the quantum corrections. At leading order, we can approximate that
where G 0 is the vacuum Green's function, and δG −1 is the corrections to the inverse Green's function. We must go to second order in χ to obtain an answer which will not vanish by translation invariancei.e., so that our trace contains the product χ m χ n , e.g. These terms can be analyzed with similar scaling arguments. For simplicity, let us focus on a single example of terms which arise in the δG −1 -dependent contribution:
tr log G 0χχ δG
Now, recall that our theory comes endowed with natural cutoffs: the length scale ξ for a UV cutoff on x integrals, and the time scale mξ 2 for t integrals. This allows us to make sense of the square of a δ function by replacing, e.g., dt ′ δ(t − t ′ ) 2 ∼ 1/mξ 2 . We conclude that
All other terms in S quantum can be shown to scale similarly. It is now straightforward to observe that the quantum contributions to the effective action are suppressed by a factor of N , as we stated in Eq. (30) .
Appendix D. Computation of the Effective Action
In this appendix we discuss the evaluation of the integrals involved in the main text.
D.1. The S θ Integrals
Using Eq. (48), the fact that v n · ∇χ n = 0, ∇ · v = 0 and integrating by parts we find that
We can now exploit the fact that if m = n, χ m χ n is always suppressed by a factor ofr −2 -the dominant contribution from this sum necessarily comes from the sum over m = n. Note that χ m χ n ≈ ξ 4 /|x| 2 |x ′ | 2 , and
In particular, the key observation is that this integral is very sensitive to UV physics, but not to IR physics, where the integrals converge, since the integrand falls off as r −6 . In the UV, near vortex core n, we may approximate v l (l = n) by a constant, and in this case the only contribution to the integral comes from the δ function; the other term vanishes by symmetry after integration with x, x ′ . To leading order in (ξ/r) 2 ,
The last step in this integral is extremely sensitive to the nature of the UV cut-off -the multiplicative constant sitting in front of the integral is sensitive to near-core physics. Thus, we have indicated our ignorance of the overall coefficient of this term with the ∼ symbol.
D.2. The S χ Integrals
Next, let us discuss the J 2 χ contributions to the effective action. We only need to consider, as with J 2 θ , the terms which do not vanish on the vortex ansatz. In particular, the contributions to J 2 χ due to fluctuations in χ will necessarily be suppressed by a factor of at least ξ 2 /r 2 . 4 The only terms which contribute at this order are
D.2.1. 2-Velocity Integrals
First we describe thoroughly how to evaluate d 2 x v i 1 v j 2 , which can be obtained via:
We write
Defining s 1 = Sα, and s 2 = S(1 − α), as well as shifting the integral over x to
we finally obtain
with X 12 ≡ X 1 − X 2 . This integral is logarithmically divergent at long distances, and so we regulate it by continuing to d = 2 − ǫ. The factor L DR here serves as an IR cut-off -it may differ from the physical cutoff L by a constant factor. We then perform the Gaussian integrals to obtain
As the latter term is finite, we have already taken the ǫ → 0 limit. The α integral in the first term can be explicitly evaluated:
where γ ≈ 0.57 is the Euler-Mascheroni constant. We find
Next we evaluate d 2 x v i 1 v j 1 :
We can evaluate this integral using dimensional regularization by splitting the integral at s = R. For s < R, we evaluate this integral in d = 2 − ǫ -this corresponds to long distances and we use an IR cutoff L DR . For s > R, we evaluate this integral in d = 2 + ǫ -this corresponds to short distances and we use a UV cutoff ξ DR . We find
Importantly we see that this final answer is independent of R, as it must. The next integral we evaluate is used to compute d 2 x v i 1 (v 1 · v 2 ):
As this integral is UV divergent, we regulate this integral by continuing to d = 2 + ǫ, employing a UV regulator ξ DR . Using identical substitutions to before, and following an identical procedure, we obtain
We find that the first two terms are finite as ǫ → 0, and cancel each other exactly. The latter term evaluates to
The final integral we evaluate is used to compute d 2 x (v 1 · v 2 ) 2 :
Again this is UV divergent, so we regulate this as before:
Only the third term in this sum is divergent as ǫ → 0. We find that the first two terms exactly cancel, and that the fourth term evaluates to 2π|X 12 | −2 . The third term evaluates to 
Finally, we relate the dimensional regularization cutoffs L DR and ξ DR to more physically motivated cutoffs L and ξ. This can be done by defining L and ξ with minimal subtraction, so that
Using these identifications we find Eq. (43).
D.2.2. 3-Velocity and 4-Velocity Integrals
These integrals cannot be computed analytically. Let us nonetheless discuss their properties. Firstly, one of the 3-velocity integrals has a UV logarithmic divergence. Again, we can regulate this with dimensional regularization. Using an analogous method to before, defining y = x − α 1 X 1 − α 2 X 2 − α 3 X 3 (83)
we obtain 
Let us now discuss the divergences of this integral. Divergences come from divergences in factors of 1/K 3 .
The most singular region of the α-simplex is α 1 ≈ 1, due to the factor of α 1 in front of the integral. Near this singular region, K 3 is linear in α 2 and α 3 . There is a two-dimensional simplex integral, and after power counting in α 2,3 only a single term is divergent:
≈ π 2 X 12 · X 13 |X 13 | 2 |X 12 | 2 log min(|X 12 |, |X 13 |) ξ .
(86) To obtain this final answer in such a simple form, we have resorted to an alternative regulariaztion scheme which directly deletes the singular region from the integrand before doing the original x integral, which will suffice for obtaining the logarithmically divergent contribution. 5 In general, we are able to perform the S integral analytically, but not any of the integrals on the α-simplex.
At this point, we have shown enough to collect all of the logarithmic divergences in the action. A simple analysis reveals that they organize themselves into the form Eq. (41).
The remaining integrals over various multiples of velocities, which are strictly finite, may be treated with similar tricks as we have used, by converting the x-integral into integrals over S and αs. In doing so, one can reduce the answer to a series of unknown functions dependent only on the magnitude of the distance between various vortices; all dependence of the integrals on X 12 · X 13 , e.g., can be exactly found. As we have been unable to obtain illuminating answers for the rather complicating functions that result, we will not present explicit expressions for the intermediate manipulations.
